A four-dimensional Lorentz-breaking non-Abelian Chern-Simons like action is generated as a one-loop perturbative correction via an appropriate Lorentz-breaking coupling of the non-Abelian gauge field to a spinor field. This term is shown to be regularization dependent but nevertheless it can be found unambiguously in different regularization schemes at zero and at finite temperature.
During the last years, different aspects of the Lorentz symmetry breaking have been intensively studied [1] . One of the theoretical consequences of this effect is the birefringence of light in vacuum. After the formulation of the concept of noncommutativity of the space-time [2] , which implies in Lorentz symmetry breaking (see the discussion in [3] ), The interest in this subject has greatly increased . One of the implications of the Lorentz symmetry breaking is the possibility of introducing a lot of new couplings in the Standard Model [4] . These terms may arise from radiative corrections to some Lorentz-breaking field theories at zero [5, 6, 7, 8, 9, 10] and at finite temperature [11, 12, 13, 14] . Alternatively, they may be induced from the deformation of the canonical commutation relation through the use of the noncommutative fields method [15, 16] .
Recently, the renormalizability of the Yang Mills (YM) theory with a four-dimensional nonAbelian Lorentz-breaking Chern-Simons (CS) term was studied in [17] . The induction of such Lorentz-breaking CS term starting from a pure YM was investigated within the noncommutative fields method in [16] . In the present work we show how the same CS term can be induced through radiative corrections starting from a YM theory coupled with fermions in the presence of an interaction of the fermions with a constant external field at zero and at finite temperture.
We start with the following model which represents a non-Abelian generalization of the spinor electrodynamics with the Lorentz-breaking coupling
Here b ρ is a constant four-vector. The A µ = A a µ Ω a is a Yang-Mills field coupled to spinors ψ which carry the isotopic indices, ψ = (ψ i 
This functional trace can be rewritten as
, with the first term being
The nontrivial dynamics is concentrated in the second term
, which is given by the power series:
To make explicit the non-Abelian Chern-Simons term we should expand this expression up to the third order in the gauge field:
where
and the elipsis stands for higher order terms in the gauge field.
Using the above expressions, it is easy now to verify that the one loop effective action expanded up to first order in b µ may be written as
where k ρ is
This result exactly reproduces the structure of the non-Abelian Lorentz-breaking Chern-Simons term described in [17] . One can observe that the expressions (7, 8) , after reduction to the Abelian case, coincide with the known Abelian results [14, 18] . Apparently, there is a relation between the induced Lorentz-breaking Chern-Simons term and Adler-Bell-Jackiw anomaly as both situation are observed for the well known triangle graph. This issue has been discursed in Ref. [6] . Also, the interesting discussion of the problem of ambiguities in the Lorentz-breaking theories is presented in [7] . By power counting, the momentum integral in expression (8) involves terms with logarithmic divergence so that different regularization prescriptions will produce diverse outcomes. Lorentz preserving regularizations, more precisely any regularization in which we can make: p µ p ν → gµν D p 2 , will produce finite results. By adopting the method of dimensional regularization [19] , the above integral is promoted to D dimensions and a straightforward calculation yields
which coincides with the result found in [18] 
which now agrees with the Abelian result obtained in [20] .
To develop calculations in the finite temperature case, let us now assume that the system is in the state of thermal equilibrium at a temperature T = 1/β. In this case, we can use the Matsubara formalism for fermions, which consists in taking p 0 ≡ iω n = (n + 1/2) 2πi β and replacing the integration over the zeroth component of the momentum by a discrete sum (1/2π) dp 0 → i β n . Thus, the Eq. (7) can be written as
Hereafter all expressions are in the Euclidean space (all greek indices run from 1 to 4). The vector
By extending the p integration to d dimensions it follows that the time-like component of k ρ (β) is
where M 2 n = ω 2 n + m 2 . Using the prescription of dimensional regularization [19] , we have
where a = mβ/2π and λ = 2 − d/2. At this point the following identity [21] :
valid for 1/2 < λ < 1 can be used to get
i.e., the same result (9) without any dependence on the temperature, which agrees with the one obtained in [22] for the Abelian situation. If instead of (12) we use (10) as the starting point for the computation of finite temperature effects we get
has the following asymptotics: Let us now consider the space part, k i (β), of the vector k ρ (β). In this case, the expression (12) can be rewritten as:
Then, considering this expression formally in d space dimensions, we can replace p i p j by
which now furnishes
where we have introduced λ = 3 − d 2 . We cannot apply the relation (15) for d = 3, because the integral in that expression does not converge. Thus, let us perform the analytic continuation of that relation; we obtain [13] 
Thus for d = 3 the Eq. (22) takes the form
where F (a) was defined in (19) . Thus, we see that at high temperature the Chern-Simons coefficient is twice its value at zero temperature, i.e., k i (β → 0) = 1 2π 2 . On the other hand, at zero temperature, one recovers the result k i (β → ∞) = 1 4π 2 . We have generated the non-Abelian Lorentz-breaking Chern-Simons term via the Lorentzbreaking coupling of the Yang-Mills field with the spinor field at zero and at finite temperature.
The essential property of the result is that within the framework of dimensional regularization this term turns out to be finite. We note that the derivative expansion approach naturally allows to preserve the gauge invariance for the quantum corrections. It is natural to expect that at least some of other Lorentz-breaking terms which existence was predicted in [4] also can be generated via appropriate couplings of the gauge or gravity fields with some matter fields.
We have also obtained the coefficient k ρ for the non-Abelian Lorentz-breaking Chern-Simons term at the finite temperature. We found that the results for this term turn out to be dependent on the regularization scheme both at zero and at finite temperature (in a particular regularization scheme the time-like component was found to be temperature independent). Considering the dependence on the regularization scheme, one should note that the momentum integral determining the value of the vector k ρ is formally superficially divergent, thus dependence of its finite part on the renormalization procedure is very natural. However, in the regularization schemes suggested in the paper the divergent part identically disappears as a consequence of the rotational invariance of the relevant integrands.
